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Outline

o What are heavy hitters and data streams?
o Well known ingredients for streaming algorithms
o Add chaining

o Limiting the number of random bits



Stream: P1, P25 -5 Pm 6 [n]
f =#{<m:p =i}
=#{y<t:p=1i}




Stream: py, po, ..., pm € [N]
fi=#{<m:p =i}
ff=#{<t:p=1}

o Read items one-at-a-time
o Approximate answer
o Succeed with probability 2/3
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e Read items one-at-a-time
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e Goals
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o [his talk: find “frequent items” (fy > €||f|.)
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186 Decision problem: Bar-Yossef, Jayram, Kumar,
Sivakumar '02; Chakrabarti,
. Khot, Sun '03
Each of n items at most once
VS
One item n® times, rest <once
186 . B . 186
Requires Q(n'~2%) bits of space
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Goal Return all H such that fy > €||f]|>
Every H returned has f; > 5||f||2

CountSketch Tuesday Today
[e = Q(1)] Charikar, Chen, Braverman,C, B,C,I,Nelson,
Farach-Colton '02 | Ivkin, Woodruff '16 | Wang, W '77
space (bits) log? n log nlog log n log n
update time log n D(loglog n)’ O(1)
query time O(1) O(n) O(1)



By a standard reduction. ..

Goal If there exists H € [n] such that
=KD f
j#H

then return H
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Each of n items at most once
VS

One item K./n times, rest <once
1,41} X= Z = (Z,f)
=) f=Ifl3
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Each of n items at most once

Lm /‘VSL

N

One item K./n times, rest <once

Z N {-1,+1} X=>2Z,=(Zf)

J=1

EX2 =3 72 = |3
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Let's assume:

@ General frequencies

@ There is a heavy hitter H € [n]

1/2
© fn=K (ZﬁéH 5‘2)



Learning 1 bit

1]
2
3

|D|p--

v
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[>=74

n




Learning many bits

fogn

1

1




Could it be so simple?. ..
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Could it be so simple?...no

How do we choose the break points?



Could it be so simple?...no

How do we choose the break points?

H may not be heavy in the interval!
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Could it be so simple?...no

How do we choose the break points?

H may not be heavy in the interval!

fH 112
= but flo = ——=
H log n . 112 Vlogn

Can't store O(log n) independent hash functions.
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Suppose we guarantee H always “wins”. ..

e

DEXCK
[ =]

h: [n) —>€;ﬁk



Suppose we guarantee H always “wins”. ..
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Suppose we guarantee H always “wins”. ..




Suppose we guarantee H always “wins”. ..




X
A

w,
s

N>
2\

hefn>fol"
for p in stream do

if h(p) = biby - - b,ix then
X,' += Zp
if | Xo + X1| > cop" then
bri1 < 1(|X1] > [ Xol)
if r+1=R then
return p where h(p) = biby ... bg
else
restart with b= by --- b by110---0

R = O(logn)
o= |[fl2
c=1/32
f=3/4




O(1) update time and O(log n) bits storage

for p in stream do
if h(p) = biby - b,ix then

Xit=2p R = O(log n)
if [Xo + X1| > co then o — I
bri1 + 1(1X1| > |Xo|) 2
if r +1 =R then c=1/32
return p where h(p) = biby ... bg g =23/4
else

restart with b= by --- b b, 410---0



Key to the analysis

Theorem (Chaining Inequality)
Let Z €, {-1,+1}" and Xt = <ft, Z).

E sup |X'| < y/Var(X™) = ||f]]2

1<t<m
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Key to the analysis

Theorem (Chaining Inequality)
Let Z €, {-1,+1}" and X' = (', Z).

E sup X' S v/Var(X™) = ||f|}2

1<t<m

S N
W&W&&W&
+




Pr

for p in the stream do
if h(p) = b1by - - b,ix then
X += ZP

A,
A N "ww\,,\,_/Ha if | Xo + X1| > coB" then

vt - 1(] > 1Xal)
Y,

H

) < Cen s s

t 1 r
(swo 1= oo ) & S < s




PRK

H

Nt g

Pr(H loses) < >, CK(;@, <+

#H's used < ZrZO 2cop” =o/4 < fy

(c=275,3=3/4)



We conclude. ..

If there is a K-heavy hitter H then HH
outputs H with probability at least 2/3.




Guessing o =~ ||f||»

#4113




Guessing o =~ ||f||»
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Guessing o =~ ||f||»

14112
(Z.f1)?

——
——




Theorem (||f||2 Tracking)

There exists a streaming algorithm using O(% log n)
bits of space that at each time t outputs Y where
with probability at least 2/3

Y = ||£515] < ellf™3 for all £ < m.




Chaining with few random bits |




Key to the analysis

Theorem (Chaining Inequality)
Let Z €, {-1,+1}" and X' = (', Z).

E sup X' S v/Var(X™) = ||f|2

1<t<m
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Union bound?

If Ze€,{—1,+1}" and G ~ N(O, /,«,) then

Esup(Z, ff) < \/gEsuMG, Fr.

Pr(sup |<G,ff>\Su||fnz) ZPr £ < ullfll)
1<t<m
Hfu%}
< 2 ex p{
2 L
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E(G,x)(G,y) = (x,y)

independence = orthogonality



X%

E(G,x)(G,y) = (x,y)

independence = orthogonality

P (KGxdz ) Slaxpffﬁ%n%



E(G,x)(G,y) = (x,y)

independence = orthogonality

P (Koodzu) S2expl 5535
P (K32 w) <26><P{;zn'x1 unui
e ( K Gy 22 u) SQO(P{:M ugn}
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Xt ={(G,fY, t=1,2,...,m

I,

+

d(s, t) = VE(Xt — X5)2 = ||ft = £°||,

orthogonal = independent
far from orthogonal = card(e||f||o-net) < 1/¢?
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I,

d(s, t) = VE(Xt — X5)2 = ||ft = £°||,

orthogonal = independent
far from orthogonal = card(e||f||o-net) < 1/¢?



X' =(G,f),

I,

+

d(s, t) = VE(Xt — X5)2 = ||ft = £°||,

orthogonal = independent
far from orthogonal = card(e||f||o-net) < 1/¢?



I,

Py Py
L4 @

d(s.t) = VE(X* = X2 = [[f* — ],

orthogonal = independent
far from orthogonal = card(e||f||o-net) < 1/¢?



Xt =

I,

d(s.t) = VE(X* = X2 = [[f* — ],

orthogonal = independent
far from orthogonal = card(e||f||o-net) < 1/¢?



Xt =

I,

d(s.t) = VE(X* = X2 = [[f* — ],

orthogonal = independent
far from orthogonal = card(e||f||o-net) < 1/¢?



T; a 22%1\\1‘H2 net of size | T;| < 22, then

Esup(G, f1) < su 212d(t, T;
tp< ) Ssup Y 27%d(t, T))

t >0

<22,

i>0
S Nl



Fewer bits by embedding vk 12
o J: {ft}icpm — ROUEm)
o O(1)-distortion embedding (e.s. [Kane, Meka, Nelson '11])
o Replace X! = (!, Z) by Xt = (Jft, Z).

Lemma (Slepian)

Let Xt and X! be Gaussian processes where
E(X! — X%)? < E(Xt — X*)?, for all t.

Then Esup Xt < Esup X.




Esup,(Z, Jf)



Esup,(Z, Jft) < Esup,(G, JFt)



Esup,(Z, Jft) < Esup,(G, Jf') < Esup,(G, ')



Esup,(Z, Jt) < Esup, (G, Jft)y < Esup, (G, ) < ||l



There is another way. ..

Theorem (4-wise Chaining Inequality Nelson & Wang)

Let Z € {—1,+1}" have 4-wise independent entries.
Then )
E sup [(Z,f)] S IIfl2.

1<t<m




Khintchine: ,
E(Z,x)P < /p"[Ix])3
E(Z,x)* < 16]|x]/3



Khintchine: ,
E(Z,x)? < \/PPlIx]5
E(Z,x)* < 16]|x]/3



Khintchine:

X=X + (X B2 00 Vil

(Zx)* < 16]xII3




f|l2 net of size | T;| < 2%, then

1
T,-ag

Esup(Z.f) <Y (ITial - | Til)*supd(t, T))
t t

i>1

; 1
< 32

i>1



f|l2 net of size | T;| < 2%, then

1
T,-ag

Esup(Z,f) <Y (1 2-|Ti))*supd(t, T))
t t

i>1

I' 1
<22 S

i>1



f|l2 net of size | T;| < 2%, then

1
T,-ag

Esup(Z,f) <Y (1 2-|Ti))*supd(t, T))
t i>1 t
, 1
< 2if4 L
i>1
S [l



Summary

HH in O(log n) bits and O(1) update time
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