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Definition

For a random variable X, define the Orlicz norm

X4, = inf{a > 0: Eexp(|X|?/&%) < 2}.

"Throughout the talk C will stand for an absolute numerical constant, the
value of which may change between occurrences. Similarly C, denotes
constants depending only on a.



Definition

For a random variable X, define the Orlicz norm

X4, = inf{a > 0: Eexp(|X|?/&%) < 2}.

@ By Chebyshev’s inequality we have
P(|X] > t) < 2exp(—t2/|| X]13,).

@ Conversely, if for all t > 0, P(|X| > t) < 2exp(—t2/K?),
then || X4, < CK(integration by parts)'.

@ Also,

1 1Xllp
X|ly, < sU < C|X||s

where [ X, = (E|X[P)'/P.
@ If || X]|y, < oo we say that X is subgaussian.

"Throughout the talk C will stand for an absolute numerical constant, the
value of which may change between occurrences. Similarly C, denotes
constants depending only on a.



For sums of i.i.d. random variables, we have the classical
bound based on the Laplace transform

Theorem

If Xy, ..., X, are independent random variables,

n
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In particular,

Question:

What concentration do we get for polynomials in independent
subgaussian random variables?



Theorem (Hanson-Wright, Borell, Ledoux, Arcones-Giné,

Latata)

Let Xi,..., X, be independent mean zero variables with
[ Xilly, < L. Let A= (ay)j;_y and

n
7 — Z ajXiX;.
ij=1
Then fort > 0,
1 2 :
P(Z ~EZ|> 1) < 2exp (~ 5 min <L4HAH%,S’ L2||A||>>'

Above ||Al| s = /357 —1 &, |All = supycgn-1 |Ax]| are the
Hilbert-Schmidt and operator norms of the matrix.




How to generalize this to polynomials of higher degree? Need
to introduce counterparts of ||A||ys and ||A||. We do it via
appropriate injective tensor product norms.
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How to generalize this to polynomials of higher degree? Need
to introduce counterparts of ||A||ys and ||A||. We do it via
appropriate injective tensor product norms.

We have the following ugly-looking definition:
Let A= (aj,..i,) ;-1 be ad-indexed array of real numbers.
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How to generalize this to polynomials of higher degree? Need
to introduce counterparts of ||A||ys and ||A||. We do it via
appropriate injective tensor product norms.

We have the following ugly-looking definition:
Let A= (aj,..i,) ;-1 be ad-indexed array of real numbers.
For a partition 7 = {J;,...,Jk} of {1,...,d} we define

HAHJ—SUD{ Z aj .. ’dH (/r)reJ Z ‘ (’rre.} <1,j :1,,/(}

i17 7ld /r ’GJ

Examples:

1(@)llg1,2y = sup{>_; apx;: > x5 <1} = [|Allus

(@)l 1112y = sup{>_j; ajxiy;: E, <1,5 v <1} =|A|
(@) [ 11,23 {3 = SUP{D_jjk @ijkXij¥k - Z,, ,,,Zk <1}

1@l 134243y = SUP{jk @jkXiYjZ: Do XF Z,y/ >k Zp <1}

(@)l ¢1,2.8) = SUP{Y i @k Xii s Do Xiie < 13 = /2 @
We let Py be the set of all partitions of {1,...,d}.



Define P(x1,...,xn) = >_; @jXiXj, X = (Xi,..., Xn). Then the
Hanson-Wright inequality can be written as

1 2 t
P(|P(X)-EP(X)| > t) < 2exp (= A ,
< C L4|D2P% 5, L2||02P|{1}{2}>

where L = max; || Xj|y,-

One can generalize this to arbitrary polynomials (Latata '06 for
tetrahedral polynomials in Gaussian variables, Wolff-RA ’13 for
arbitrary polynomials in subgaussian variables):

Theorem (Wolff-RA '13)

Let X = (Xi,...,Xn), where X; are independent, with
| Xilly, < L. Let P: R" — R be a polynomial of degree d. Then
forany t > 0,

P(|P(X) —EP(X)| > 1)

T t 7
< _ R ——
< 2exp ( Cq 12120 JeP, (L’HED’P(X)HJ) )




Theorem
X = (Xy,...,Xn), X; independent, || Xj||4, < L, deg P = d. Then

P(|P(X) — EP(X)| > t)
; . t w7
< 2exp< G o (m> )

Remarks:
o If X; are standard Gaussian, the ineq. can be reversed.
@ The proof of the above version is a rather tedious reduction
to the case of multilinear forms in Gaussian variables due

to Latata (using general decoupling inequalities,
contraction and some combinatorics/linear algebra; no

chaining).
@ Chaining enters the game for Gaussian variables, this is
what we will focus on now.




We will consider the following framework:
)

@ g”,i=1,....,nj=1,... darei.id. standard Gaussian
variables
® A= (ay, )} i1 s ad-indexed array of real numbers

1 d
° Z = ZZ,IOI 1 a/1 ldgl(1 ) gl(d)

We want to prove the result by Latata (2006):
2/#7 )

P(|Z| > t) < Zexp( Cy JelF’dHAHW

To get tail estimates it is enough to bound moments, use
Chebyshev in L, and optimize in p. Therefore, our tail inequality
is equivalent to

1Zlp < Cq Y P2 All5.
jGPd



1Zllo < Co > P*772||All -
JEPy

@ Ford =1 thisis trivial || 3, aigillp < Cp'/2,/>; @
@ For higher d — induction. For d = 2 it is still easy:

EZIP =E > a9V g PP < cPp2E1 Y (S agi) P/
i J i

_ CPpPI?E, |s‘up1 1> ( Za,,x/ ailP.

x| < i

From Gaussian concentration we always have

Isup| D tigillp <Esup| > tigil + Cvpsuplt|.
teT 55 teT 55 teT
In our case sup;cr [t| = [|Al|{1}42; and

Esup| > tigil <|Isup|>_ tigilll2 = |All 1.2y, so indeed
teT % teT 4

1Z]lp < C(VPIIAl 1,2y + PIIAN 13 42})-



Let’s try to repeat this argument with d = 3.

EY ajg gD g P
ijk

< Cppp/ZEH(Z aijkgk)ij”% 2y T CpppEH(Z aijkgk)ij”%}{z}
k k
—: CP(pP/?EXP + pPEYP)

The first term is easy

X= sup > > auXjgk,

ZUX <1 i i

SO

IXlp < [ Xlo+vB sup \/Z(Za,-jkxim = X2+ VBIIAl 1 2331
ko if

z,]x”g

Moreover [ X[3 = E =(Yx aik0k)? = S jp & = |AI2, 2y



What about

Y = sup Z Z a,'ij,'ngk?
Z,-X,?,Z,Y,?Q ki

The concentration part works:

IYlo <EY+Cyp_ sup \/Z(Za,jkx,yj)z
ko

Z;"‘/‘Z’Z/"ijS1
=EY + Vol Allf13{21(3)-

The main difficulty (and the only thing that remains) is to
estimate EY.



What about

Y = sup Z Z a,'ij,'ngk?
Z,-X,ZE,Y,?Q ki

The concentration part works:

IYlo <EY+Cyp_ sup \/Z(Za,jkx,yj)z
ko

Z;"‘/‘Z’Z/yfzS1
=EY + Vol Allf13{21(3)-

The main difficulty (and the only thing that remains) is to
estimate EY.

For higher d similar difficulties, gets more technical but the
ideas are the same, so we stick to d = 3.



To match the powers of p, we need an estimate of the form

EY =E sup ZZaka,y,gk

< C(ﬁHAH{Lm} + |All1.31423 + 1Al 132,31 + VPIAl {1323 13})-

It will be convenient to work with a more general quantity. For
T C B x Bf consider

F(T)=E sup >3 apxiyig
7.y GT k I]



F(T)=E sup > > ajuXiyjgk
(Xy ET k I]
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F(T)=E sup > > ajuXiyjgk
(x,y)eT Kk ij

Assume T = Um:1((bm, ¢+ Tm), (®™,c™) e T, Tn C Bl xBj
We can write for any (X', y’),

F(T) = Emax sup aiik Xi Y9k
mSN(my)e(b’",c’”)—i—Tm; % e

= E max sup ajk(Xiyj — X{¥7) 9.
m<N (x,y)e(bm,cm)+Tm Zk: ; ’ i

By concentration

mh (X’y)e(b’"vcm)wmzk:%: PRSI

+ C+/log NAA(T)

= max F((b",c™) + Tm) + C\/log NAA(T)
m_

where A(T) = SUP(x,) (xy)eT \/Zk(zlj aji(Xiyj — X;¥}))?.
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F(T) < max F((b™,c™) + Tm) + C\/log NAA(T)

m<N

where Aa(T) = SUP(x ) (x'.y \/ZK(ZU ajk(xiyj — x,.’yj’))2.
Moreover, as T, € Bj x B”, (b’", cMeT

F((6™,¢™)+ Tm) — F(Tm)

<E sup <ZZaka,c gk+zzaqkb ngk>

X}/ETm

<E [ O axcg) +E\/Z Zaijkb,mgk)z
i jk
< Sup ( Z Za,]kC] Z Zaljkbl ) =:5a T)




Soif T=UN_,((b™, c™) + Tm), we end up with

F(T) < max F(Tm) +5a(T)+ C/log NA4(T)

where

Sa(T) = sup ( Zzaukq Z(Zaijkbi)z)
' T

(b,c)eT

and

Ap(T)=  sup O away; — xiy)?.
(X,y)7(X/7y/)ET k if

The goal is to find a good partition of T into ‘better’ sets,
replace T with T, and then iterate.
There are three items we need to control: N, Aa(Tm), Sa(Tm).



The main technical Lemma:

Lemma (Latata '06)

Letp>1andletT C B) x B satisfy2 < #T < oo,
T — T C Bj x Bj. Then for any | > O there exist finite sets Tp,
and points (b™,c™) € T such that

(i) 2< N < exp(C2?'p)
(i) T=UN_ (6™, c™+Tm), Tm—Tm C T—T,# T < #T—1,
(i)) Aa(Tm) <272/p7"|All1,2,3)

) sa(Tm) <2707 2||All (1,23}

IV

Note that by separability and homogeneity,
EY = F(BS x BY) = 4sup{F(T): #T < 0o, T C 27 (B3 x B))}.

By using the lemma we can replace F successively by smaller
sets. Note that if #T =1, then F(T) = 0.



We have sa(T) < sa(B5 x B}) < [|Alli1y231 + IAll2141,3
AA(T) < AA(Bg X Bg) < 2”A”{1}{2}{3} Therefore

|=
F(T) < max F(Tm,) + [ Allf1y42,3) + I1Alli2311,3) + VPIAl (1312143}

=2
< max F(Tm, m,) + max sa(Tm,) + 24pmmaX Ap(Tm,)
1

my,mo

—_

+ 1Al 1y 42,33 + HA||{2}{1,3} + VPlAll {1y (2} 3}
S max F(Tmme) + 27207 2| All (1 23y + 1/2402 70| All 1,23

+ [[Allg1342,3) + 1All23(1,31 + VPIIAl (131243}
< <

SHAlgr281 Y27 072 + || Al .8y + 1Al 12141.3)
=

+VPIIAl (131233
<SP R1Al G 28y + 1Al yi2.8) + 1Al 2y 1.8y + VEIAl 1) (2)43)-



How to prove the technical lemma?

Lemma (Latata '06)

Letp>1andletT C Bj x Bj satisfy #T > 2,
T — T C Bj x Bj. Then for any | > 0 there exist finite sets Tp,
and points (b, c¢™) € T such that

() 2 < N < exp(C2?/p)

(i) T= Um (B ™ +Tn), Tn—Tm CT—T,#Tm < #T -1,
(i) Aa(Tm) <2720~ "|All (12,3},

(iv) sa(Tm) <27'p~ 1/ZHAHU 2,3}

Let us focus on (iv) first. Recall

sa(S) := sup (\/Z(Za//ky/ Z(Za’kai)2>
- ko

(x,y)eS

= sup_|[|(x, y)ll

(x,y)eS



eyl = ( > an)? + > apx)?)
Ji jk i

We want to decompose T C Bf x Bf C v/2B2" into
N < exp(C22/p) sets with diam(S;, ||| - [||) < 27 'p~/2||Al|(1 2,3

Theorem (Pajor, Tomczak-Jaegermann)

If T C Bj and || - | is a norm onR", then fore € (0,1), T can be

partitioned into N < exp(Cs~2) sets Sy, ..., Sy such that for all
i, diam(S;, || - ||) < €E| Gp||, where Gy, is the standard Gaussian
vector in R".

We have 2ninstead of n, e = 2-/p~"/2 and

EJ|Ganlll = E( [S-(O" awg2+ [>(X awai?)
ik ki

<2 [} & = 2[|All(1.2,3)-
ijk




Thus we partition T into sets Sy, ..., Sn,, 2 < Ny < exp(C22/p),
assume wlog that they are pairwise disjoint and nonempty (so
#8; < #T), shift each of them and write

Sm = (b",c™) + Tm, with (b™,c™) € Sp.

These are not the sets T, yet. We also need (iv), i.e.

AA(Tm) = Z Zaljk XiYj — Xy]))
(X.¥)s (X’ﬁy )ETm

<27 %p " All123-

To this end we further partition the sets T, using ideas similar
as in the proof of the dual Sudakov minoration (to bound from
above the covering numbers, we bound from below the
Gaussian measure of balls corresponding to our metric).



Lemma (Latata '06)

Let| - || be a norm on R™ and let p be a metric on BJ x Bj
given by
p((x,y) = (X, y)) = lIx@y =X ®@y'||, where x @ y = (X;y;)]j—1-

Then for every set T C Bj x By and any e € (0, 1) there exists
a partition of T into N < exp(Ce~?) sets S; such that

diam(S;,p) <e sup E|x® Gp||+¢ sup E|Gr® Y|
(x,y)eT (x,y)eT

+ &2E||Gh ® G|,

where G, G, are i.i.d. standard Gaussian vectors in R".

In our case we want to partition the sets Tp,, the metric comes
from | - || = /32432 ajixy)? and e =2 /p~ /2.




We want to partition the sets Tminto Np < eXp(CQle) sets
Tons |- 1l = (S @), e = 27p /2.
Ap(Tmr) <2707 sup Ellx® Gol| +27'p7 "% sup E||Gr@y|
(va)€7—m (X,y)ei—m
+272p "'E||Gy ® G-

We have
sup Ex®Goll = sup E /> () apxig))?
(x.y)ETm (x,Y)ETm ko

< sup DO apx)? < sa(Tm) <2707 V2| Al 23y
(XVETm \| jk i

The second term is analogous. For the third term,
|| Gn ® Gyl = E\/Z(Z ayaig)? < I1Al1 25
ko

Altogether we get Aa(Tm,) < 3-272/p71||Al|1 23;. Now we
relabel the family T, to Ty (N < NyNo < exp(C22/p)). O




Further developments:

@ Two-sided moment estimates for multilinear forms in
nonnegative indep. random variables with log-concave tail
(i.e. t—logP(|X| > t) is concave) — Latata-Lochowski

@ Recently generalized by Meller to nonnegative variables
st. [ X[lzp < C[ X[lo-

@ The case of symmetric random variables with log-concave
tails (t — log P(|X| > t) is concave) is known only for d = 1
(Gluskin-Kwapien), d = 2 (Latata) and d = 3 (Latata-RA),
except for multilinear forms in exponential variables, known
for all d (Latata-RA).

@ Multilinear forms in variables with log-convex tails —
Hitczenko,Montgomery-Smith,Oleszkiewicz (for d = 1),
Kolesko-Latata (general q).

@ Counterparts for U-statistics — RA, Latata-RA

@ Upper bounds for functions in dependent random variables
with bounded derivatives of higher order, under
log-Sobolev type assumptions — Wolff-RA



Different approaches, with other quantities controlling the
tail

@ Kim-Vu (better dependence of constants on the degree,
less precise for fixed degree)

@ Schudy-Sviridenko

Some open problems

@ two sided bounds for moments of polynomials in
{0, 1}-valued variables (applications to random graphs)

@ symmetric variables with log-concave tails, d > 3 (in
particular Rademachers)

@ polynomials with coefficients in a Banach space (some
applications in statistics); the case of Hilbert spaces and
Gaussian variables can be deduced from Latata’s result

@ a special case: good inequalities for quadratic forms with
matrix-coefficients



Thank you



