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» Let T C /2.

» Let G= (g1, 9o, ...) be independent standard Gaussian
variables.

» Denote G; = >.7°, tig;, for any t € 2, clearly

d(u,v) = (E(Gy — Gu)*)"/? = |lu— v]2.

» Theorem (Karhunen-Loeve)

For any centred separable Gaussian process Gs, s € S there
exists mapping ¢ : S — ¢(S) = T C ¢? such that

= d
(Gs)seS = (G@(s))w(s)e T:

» Denote g(T) = Esup;c7 Gt.
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Bernoulli canonical process

» Let T c ¢2.
» Lete = (e1,¢e2,...) be independent random signs, i.e.
P(ek = :t1) = %

v

Let X; = >_7°, tie;, for any t € ¢2, note that

d(u,v) = (E(Xy = Xu)?)"/2 = lu = v]2.

v

Denote b(T) = Esup;c7 X;.
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Other classes of canonical processes

» Suppose that Z = (Z4, 2, . . .) has independent entries,
symmetric with EZ? = 1.
» Let T c ¢? and

Zt:Zt,-Z,-, forall teT.

i>1
» Usually we assume the following hyper-contraction
1Ztll2p < 2| Zt]|p < o0, forall p>1
» Note that we can define
dn(8.1) = |1Z; — Zsllon = (E|Zt — Ze[*") 2.

» Clearly di(s,t) = d(s,t) = ||t — s||2. Let also
Ap(A) = SUP; tea dn(s, t).
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Functional ~»(T)

» Let A = (An)n=0 is an admissible sequence of partitions
if the partitions are nested and |A,| < 22", n > 1, |Ag| = 1.
Denote N, = 22",

» Let t € Aq(t) € Apand A(A) = sUpgsca It — S]2-

» Define

v2(T) = infsup > 22 A(An(t)).
A teT 120
» Recall that g(T) = Esup;c1 Gt.

» Theorem (Talagrand)
There exists a universal constant K such that

K™ '72(T) < g(T) < Kyo(T).
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Bernoulli Theorem

»Denote i+ o ={t' +12: ' € Ty, 2 c T}, Ty, To C £2.
> Denote ||t]l1 = > 51 [ti].

» Theorem (WB, Latala)
There exists a universal constant K such that
K= inf (sup||t|ls +o(T:
T1+T23T(t€TF1>|| 1 +72(T2))

<b(T) <K _ inf t T2)).
(Y<K ot (suplltls +72(T2)
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Functional vz(T)
» Recall that Ap(A) = sUpg tca [|Zt — Zs||2n. Let

72(T) = infsup 3 An(An(t)).
A teT =0

» An admissible sequence of nets is a family 7 = (Tx)n>0
of finite subsets of T, such that T, C T,.1 and
ITI<SN,=2%"forn>1and |Ty| = 1.

> Let 7Tn(t) S Tn

Az = inf supz 1Ze, 1 (t) = Zrn(tyll2n-

T teT n>1
» Consider an admissible partition .4 and for each
Ac Ay, e Adefinet* € Ainawaythat Be A,_1, Ac A,
and A C Bthen t* = 5.
» By the choice mp(t) = t* and T,, = {t*: A € A,} we get
that 5z(T) < 2vz(T).
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Functional vz(T)

» It can be proved that

Esup Z; < K7z(T) < 2Kvz(T),
teT

v

but for some processes also

EsupZ > K 'yz(T).
teT

v

Unfortunately vx(T) may be not comparable with b(T).
For example T = {&' : i > 1}- basis of /2 then

v

x(T) =00, b(T)=Esup) te < 1.

teT i>1

v

On the other hand 3x(T) ~ 1.
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Gaussian partition scheme

» Denote B(t,a) ={se T:|t—s|z2 < a},
A(A) = sups tea |t — Sll2-

» Let F;, j € Z be a family of positive set functional, i.e. such
that A C Bimplies F;(B) > F;(A) > 0.

» We say that functionals F;, j € Z satisfies growth
condition for r > 4 ifforallt € Tift',1?,...,t" € B(t, r /),
m > 1 are r/=" separated i.e. ||t/ — t*||o > r~/~" then
A C B(t,r/yand H; c (B(t',r/=2))n B(t,r /)

m

A H) > Viogmr 14 min Fia(H). (1)

) 1<i<m
i=1

» In particular due to the Sudakov minoration
Fi(A) = KE sup;c4 G; satisfies (1).



Gaussian lower bound theorem

» Let ro=" < Aj(T) < r for some j, € Z.



Gaussian lower bound theorem

» Let ro=" < Aj(T) < r for some j, € Z.



Gaussian lower bound theorem
» Let ro=" < Aj(T) < r for some j, € Z.

» Theorem (WB)

Suppose that a family of functional F;, j € Z satisfies (1) then
for any probability measure ;. on T we have

// ,/log jy8Eai(t) < LIN(F(T) + A(T)).



Gaussian lower bound theorem
» Let ro=" < Aj(T) < r for some j, € Z.

» Theorem (WB)

Suppose that a family of functional F;, j € Z satisfies (1) then
for any probability measure ;. on T we have

// ,/log jy8Eai(t) < LIN(F(T) + A(T)).

» There is a fact from the functional analysis that

o 1
Sl:p/T/o \/lOQWdEdN(t)N’Yz(T)



Gaussian lower bound theorem
» Let ro=" < Aj(T) < r for some j, € Z.

» Theorem (WB)

Suppose that a family of functional F;, j € Z satisfies (1) then
for any probability measure ;. on T we have

// ,/log jy8Eai(t) < LIN(F(T) + A(T)).

» There is a fact from the functional analysis that

sup// ,/Iog dsdu ~ v2(T).

» Hence in particular v2(T) < K(r A(T)).



Gaussian lower bound theorem
» Let ro=" < Aj(T) < r for some j, € Z.

» Theorem (WB)

Suppose that a family of functional F;, j € Z satisfies (1) then
for any probability measure ;. on T we have

// ,/log jy8Eai(t) < LIN(F(T) + A(T)).

» There is a fact from the functional analysis that

sup// ,/Iog dsdu ~ v2(T).

» Hence in particular v»(T )+ A(T)).

» Note thatif |[T| =N then it sufflces that (1) is satisfied for
o<ji<ji=j+ ﬁbr’ where ny = loglog N.
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» Note that if for jp < j < /i there exist f; : T — R, such that
1. f; are decreasing, i.e.

fi(t) = fip4(t) forall teT, (2)

2. if there exists points x*, x2, ..., x™ € B(t,2r~/) such that
X" — x¥|| > Sr~="then

fi(t) = vlogmr==" 4+ min{fo(x*): k=1,2,...,m}. (3)

» Then Fj(A) = sup;ca fi(t), jo < j < jy satisfy (1) and thus

12(T) < K(f)(StéJg fiy (1) + A(T)).
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Algorithm for v»(T)
» Indeed if H; ¢ B(t', r/=2) and say
Fiia(Hi) = fiia(x"), forsome x' € H;
» then

1
I = xll2 = 18— ]l — ([ = X*]l2 = [t/ = X"z > 5r77".

N

» Moreover if F;(J["{ H;) = fi(x) then

m
\JHi c B(t.r) c B(x,2r).
i=1

» But by our requirement

f(x) = Vlogmr "+ _min f;,5(x)
<

\\

and hence

F(UJH) > Viegmr™~" + min Fi.o(H).

1<i<m
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Algorithm for v»(T)

Assume that |T| = N and T c RN’ which means that
|t — s||2 can be computed in time polynomial in N.

Suppose that r=o=1 < A(T) < rh,
We construct £, jo < j < j; in the following way:
Let fi(t) = O for all t € T whenever j > jj.

Foragivenjo <j<jiandjo <j<ji, let X = {x1, x2
be a maximal ;r~/~" netin T given by

v

v

v

v

v

fre2(X*+T) = max{f;2(x) :xeT\UB S

Let 71']-(1‘) = xmin{krlltfx"||<%r—j—1}.

v
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Algorithm for v»(T)

» Let B(t,3r 7= nX = {x", ... xk}, h < b <...h.
» Define

fi(t) = max{max{\/log mr==" + fi,5(x')}. i1 (D).

» To prove that 72(T) < K(r)(supse iy (f) + A(T)) we have
to check that f;, jop < j < j; satisfy conditions (2) and (3).
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Why the algorithm works: lower bound

» Obviously fi(t) > f1(t) so (2) holds.

» Let 11,12, tm € B(t,2r~/) and ||tk —tl2 =
W.l.og. f/+2( ) > fira(f?) = ... = fiya(t™),

» Foreach t' there exists wj(t’) € X such that
It = ()l < Gr/=".

—/

1



Why the algorithm works: lower bound

v

Obviously f;(t) > £ 1(t) so (2) holds.

Let t1, 12, . tm € B(t,2r~/) and ||tk —to = Y1,
W.l.og. f/+2( ) > fira(f?) = ... = fiya(t™),

For each ¢/ there exists wj(t’) € X such that

It = ()l < Gr/=".

We prove by mductlon that f,o(t%) < fi,2(x*), indeed
fira(t') < SUPsepr 2y fiva(8) < fiya(xh).

v

v

v
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Why the algorithm works: lower bound

» The inductions step

k

fea(t) < sup{fsa(s) : s € B(t.2r )\ [J B, 3r 7))
=1
k
< sup{fsals) s € Bt 2r N\ Bm(t), 3771}
=1
k

i=1

» Therefore

fi(t) = /logmr==1 + min{f o(t") : i=1,2,...,m}, and
so (3) follows.



Why the algorithm works: upper bound
» We show that

fi(t) < F(B(t,4r 7)) =KE sup Gp.
teB(t,4r—1)



Why the algorithm works: upper bound
» We show that

fi(t) < F(B(t,4r 7)) =KE sup Gp.
teB(t,4r—1)

» For j > j; the inequality is obvious.



Why the algorithm works: upper bound
» We show that

fi(t) < F(B(t,4r 7)) =KE sup Gp.
teB(t,4r—1)

» For j > j; the inequality is obvious.
» If fi(t) = fi11(t) then by induction

fi(t) = fi1(t) < F(B(t,4r771)) < F(B(t,4r7)).
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» We show that
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» For j > j; the inequality is obvious.
» If fi(t) = fi11(t) then by induction

f(8) = Fr(t) < FB(E 4r ")) < F(B(t,4r7).

> If for some m < pand X = {x",x2,... xk} c B(t,3r7),
where || xk — x%|; > 1r7=" we have
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Why the algorithm works: upper bound
» We show that

fi(t) < F(B(t,4r 7)) =KE sup Gp.
teB(t,4r—1)

» For j > j; the inequality is obvious.
» If fi(t) = fi11(t) then by induction

() = fia (1) < F(B(t, 4r ")) < F(B(t, 4r7))).

> If for some m < pand X = {x",x2,... xk} c B(t,3r7),
where || xk — x%|; > 1r7=" we have

f(t) = Viegmr==" + tr<1in fj+2(x/f).
<m
By induction and the usual growth condition
fi(t) < Vlog mrI="-min F(B(x, 4r~1"2)) < F(B(t, 4r")).
I

» Therefore sup;.r i, (t) < Kv2(T) and hence finally
SUP¢eT Oo(t) ~ '72(7-)
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General partition scheme

» Let dy, n > 1 be a family of distances on T that satisfies
strong hyper-contraction, i.e.

(14 ¢e)dn < dpyy < 2dh.

» Let By(t,a) ={se T: dn(s,t) < a}.
» Let r = 252 and observe that

Bn(t, 2nrj—2) C Bn+1 (t, on+1 r/—2) C... Bn+,«v(t, 2n+nr—j—2)‘

» But also
Ntk p—j—2 on+2p—j—1

N+ ,p—j—2 «
Bn+l€(t’2 r )C Bn(t, (1 —|—€)'V” )C Bn(t’ (1 _'_E)/i )
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Growth condition

» Let F,;, n > 0, j € Z be a family of positive, decreasing set
functionals, i.e. if AC B,n> 0, j € Z then

Fnj(B) = Fnj(A) Fnj = Fnjy1 Fnj > Fpiqj. (4)

» Functionals Fp,;, n > 0, j € Z satisfy a growth condition
for ng and r = 252 > 4 if for any given n > ny, j € Z, and
t € T if there exists points t', 12, ... t"n € B,(t,2"r /) that
are 2"'r=/=1in d,, 1 separated then for any sets
H; C Bpyn(t,2™%r=1-2) we have

Nn

Fof(lLJH) = 277"+ min Froja(H).  (5)

. 1<i<Ny
i=1

» Note that H; C B (', 2™ 5 r1=2) = By(t', %) and
hence H; are 'small’.
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Lower bound theorem

» Suppose that supg jc 7 dny (S, t) < 2Mr—h for some j € Z.

» Theorem
If the family Fp,;, n > 0, j € Z satisfies the growth condition for r
and ng then there exists an admissible A = (Ap) and for each
A € A, there exists an integer j,(A) such that
1. A€ Ap,B€ Ap 1, AC B= jo1(B) < jo(A) < jo1(B) + 1
2. Vte T Y, 2"r A0 < L(rFp, ;(T)+2%rh)
3. Vn=ny, VA€ Ap, A € AC By(tA, 27r=h(A),

» Hence for example vyz(T) < L(r)(Fpyjo(T) + Ano(T))-
» If |T| = N then it suffices that F,; satisfies (4), (5) only for

np<n<ny=/JloglogN|landjo <j<ji=jo+ H)g,ﬂ-
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Canonical processes

» Canonical processes based on e.g. log-concave
independent symmetric r.v.s satisfy Sudakov minoration
i.e. if 2dy(t!, t5) = dpyq (t, t%) > 271 == for all
1 </ < k < N,, then

KEsup Z, > 21/~

i<Np
» If we assume the following concentration inequality

||(EStUEZt—SUpZt)+||p LsupHZzllp (6)
(S

then one can prove that £, ;(A) = E sup,. 4 Z; satisfies (4)
and (5).
» Note that we need (1 + ¢)d, < dny1 < 2d,



Canonical processes

> Indeed observe that if A= UM, H; and
H; C By (2741 ri=1)

F(A) > KE sup(Z; + sup Z; — Z;)

i<Np teH;
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Canonical processes

> Indeed observe that if A= UM, H; and
H; C By (2741 ri=1)

F(A) > KE sup(Z; + sup Z; — Z;)

i<Np teH;
> KEsup Z, + min F(H; - th
i<Np i<Np
— K(E sup(E sup Z; — sup(Z; — Z;i))
i<Nn  teH; teH;
> 2 =1 o min F(H)
i<Np
— 2KLsup ||(Esup Z; — Z;i —supZt Zii)+ |20
i<Np teH;
> 2M1 =1 min F(H;) — 2KL max An(H;).
i<Nn i<Np

42 p—j—1
> BUt An(H) < (1+6) " Apen(H) < 2
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Extensions of the result

» LetZ = (4,2, ...,2Z5) be isotropic and Z; = Z, 162
» For simplicity assume that Z is log concave and
one-unconditional, i.e. Z < (e1|Zi, .. ., eq, | Z4])-

» Theorem (WB)

Suppose that P(|Z;| > u||Z|,j # i) < LP(|Z;| > u) for all u > 0,
then for any T c RY such that |T| > 2P and ||Z; — Zs||p > A we
have that

EsupZ: > K 'A.
teT

» Consequently if dy(s,t) = || £ — Zs||2n, n > 1 satisfy

(1 +¢€)dp < dny1 < 2d, then Esupyc 1 Z: is comparable
with vz(T).
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» Recall that b(T) = Esup;.r X;, where X; = >, ¢ tig),
where ¢; are random signs.

» Suppose ¢ : T — o(T) C 2.

» How to compare b(T) with b(¢(T))?

» Theorem

Suppose that ¢ = (;)i>1 satisfies |i(x) — i(y)
(¢i(0))i=1 € ¢2. Then forany T C 2 b(¢(T)
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Bernoulli comparison

» Recall that b(T) = Esup;.r X;, where X; = >, ¢ tig),
where ¢; are random signs.

» Suppose ¢ : T — o(T) C 2.
» How to compare b(T) with b(x(T))?

» Theorem

Suppose that ¢ = (¢;)i>1 satisfies |pi(x) — ¢i(y)| < |xi — yi| and
(¢i(0))i=1 € ¢2. Then forany T C 2 b(¢(T)) < b(T).

» Is it true that if for any p > 1
1 Xo(t) = Xo(s)llp < Ll Xt = Xsllp

then b(¢(T)) < Kb(T).
» The conjecture holds if b(T) ~ vx(T).
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Bernoulli comparison
» It is known that
p
IXelp ~ > 161+ vP, D12,
i=1 i>p

where |tf| > |t| > ... is the non-increasing rearrangement
1 2

of [t], |tz - - ..
» The comparison holds if one can compare Gaussian parts
of the norm.
» Theorem
Suppose that forall s,t € T,p>1andr >0
1> (et) = wi(S) A Neillp < Ko+ 1S 1t = sil A reilly
i>1 i>1

then b(x(T)) < Kb(T)
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» Corollary
Suppose that foranyp > 1 and L > 1

inf )il2 < L inf ( t—s
Hil<Lp Z"P S)il = pZ’/ il

then b(x(T)) < Kb(T).
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Bernoulli comparison

» Corollary
Suppose that foranyp > 1 and L >

inf 2L inf ( t — s
i \/er <L it Zr, ,

then b(x(T)) < Kb(T).
» For a separable Banach space (B, || - ||) in order to prove

that
E||ZX15/||B KE||ZyI5/||B

i>1 i>1

» does it suffice to show that for any x* € B*and p > 1

| ZX (xi) 5l”p K| ZX Yi <"3/||p

i1 i1



Thank you for your attention
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