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Gaussian canonical processes

I Let T ⊂ `2.

I Let G = (g1,g2, . . .) be independent standard Gaussian
variables.

I Denote Gt =
∑∞

i=1 tigi , for any t ∈ `2, clearly

d(u, v) = (E(Gv −Gu)2)1/2 = ‖u − v‖2.

I Theorem (Karhunen-Loeve)
For any centred separable Gaussian process Ḡs, s ∈ S there
exists mapping ϕ : S → ϕ(S) = T ⊂ `2 such that

(Ḡs)s∈S
d
= (Gϕ(s))ϕ(s)∈T .

I Denote g(T ) = E supt∈T Gt .
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exists mapping ϕ : S → ϕ(S) = T ⊂ `2 such that
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Bernoulli canonical process

I Let T ⊂ `2.

I Let ε = (ε1, ε2, . . .) be independent random signs, i.e.
P(εk = ±1) = 1

2 .
I Let Xt =

∑∞
i=1 tiεi , for any t ∈ `2, note that

d(u, v) = (E(Xv − Xu)2)1/2 = ‖u − v‖2.

I Denote b(T ) = E supt∈T Xt .



Bernoulli canonical process

I Let T ⊂ `2.
I Let ε = (ε1, ε2, . . .) be independent random signs, i.e.

P(εk = ±1) = 1
2 .

I Let Xt =
∑∞

i=1 tiεi , for any t ∈ `2, note that

d(u, v) = (E(Xv − Xu)2)1/2 = ‖u − v‖2.

I Denote b(T ) = E supt∈T Xt .



Bernoulli canonical process

I Let T ⊂ `2.
I Let ε = (ε1, ε2, . . .) be independent random signs, i.e.

P(εk = ±1) = 1
2 .

I Let Xt =
∑∞

i=1 tiεi , for any t ∈ `2, note that

d(u, v) = (E(Xv − Xu)2)1/2 = ‖u − v‖2.

I Denote b(T ) = E supt∈T Xt .



Bernoulli canonical process

I Let T ⊂ `2.
I Let ε = (ε1, ε2, . . .) be independent random signs, i.e.

P(εk = ±1) = 1
2 .

I Let Xt =
∑∞

i=1 tiεi , for any t ∈ `2, note that

d(u, v) = (E(Xv − Xu)2)1/2 = ‖u − v‖2.

I Denote b(T ) = E supt∈T Xt .



Other classes of canonical processes

.
I Suppose that Z = (Z1,Z2, . . .) has independent entries,

symmetric with EZ 2
i = 1.

I Let T ⊂ `2 and

Zt =
∑
i>1

tiZi , for all t ∈ T .

I Usually we assume the following hyper-contraction

‖Zt‖2p 6 2‖Zt‖p <∞, for all p > 1

I Note that we can define

dn(s, t) = ‖Zt − Zs‖2n = (E|Zt − Zs|2
n
)

1
2n .

I Clearly d1(s, t) = d(s, t) = ‖t − s‖2. Let also
∆n(A) = sups,t∈A dn(s, t).
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Functional γ2(T )

I Let A = (An)n>0 is an admissible sequence of partitions
if the partitions are nested and |An| 6 22n

, n > 1, |A0| = 1.
Denote Nn = 22n

.

I Let t ∈ An(t) ∈ An and ∆(A) = sups,t∈A ‖t − s‖2.
I Define

γ2(T ) = inf
A

sup
t∈T

∑
n>0

2n/2∆(An(t)).

I Recall that g(T ) = E supt∈T Gt .

I Theorem (Talagrand)
There exists a universal constant K such that

K−1γ2(T ) 6 g(T ) 6 Kγ2(T ).



Functional γ2(T )

I Let A = (An)n>0 is an admissible sequence of partitions
if the partitions are nested and |An| 6 22n

, n > 1, |A0| = 1.
Denote Nn = 22n

.
I Let t ∈ An(t) ∈ An and ∆(A) = sups,t∈A ‖t − s‖2.

I Define
γ2(T ) = inf

A
sup
t∈T

∑
n>0

2n/2∆(An(t)).

I Recall that g(T ) = E supt∈T Gt .

I Theorem (Talagrand)
There exists a universal constant K such that

K−1γ2(T ) 6 g(T ) 6 Kγ2(T ).



Functional γ2(T )

I Let A = (An)n>0 is an admissible sequence of partitions
if the partitions are nested and |An| 6 22n

, n > 1, |A0| = 1.
Denote Nn = 22n

.
I Let t ∈ An(t) ∈ An and ∆(A) = sups,t∈A ‖t − s‖2.
I Define

γ2(T ) = inf
A

sup
t∈T

∑
n>0

2n/2∆(An(t)).

I Recall that g(T ) = E supt∈T Gt .

I Theorem (Talagrand)
There exists a universal constant K such that

K−1γ2(T ) 6 g(T ) 6 Kγ2(T ).



Functional γ2(T )

I Let A = (An)n>0 is an admissible sequence of partitions
if the partitions are nested and |An| 6 22n

, n > 1, |A0| = 1.
Denote Nn = 22n

.
I Let t ∈ An(t) ∈ An and ∆(A) = sups,t∈A ‖t − s‖2.
I Define

γ2(T ) = inf
A

sup
t∈T

∑
n>0

2n/2∆(An(t)).

I Recall that g(T ) = E supt∈T Gt .

I Theorem (Talagrand)
There exists a universal constant K such that

K−1γ2(T ) 6 g(T ) 6 Kγ2(T ).



Functional γ2(T )

I Let A = (An)n>0 is an admissible sequence of partitions
if the partitions are nested and |An| 6 22n

, n > 1, |A0| = 1.
Denote Nn = 22n

.
I Let t ∈ An(t) ∈ An and ∆(A) = sups,t∈A ‖t − s‖2.
I Define

γ2(T ) = inf
A

sup
t∈T

∑
n>0

2n/2∆(An(t)).

I Recall that g(T ) = E supt∈T Gt .

I Theorem (Talagrand)
There exists a universal constant K such that

K−1γ2(T ) 6 g(T ) 6 Kγ2(T ).



Functional γ2(T )

I Let A = (An)n>0 is an admissible sequence of partitions
if the partitions are nested and |An| 6 22n

, n > 1, |A0| = 1.
Denote Nn = 22n

.
I Let t ∈ An(t) ∈ An and ∆(A) = sups,t∈A ‖t − s‖2.
I Define

γ2(T ) = inf
A

sup
t∈T

∑
n>0

2n/2∆(An(t)).

I Recall that g(T ) = E supt∈T Gt .

I Theorem (Talagrand)
There exists a universal constant K such that

K−1γ2(T ) 6 g(T ) 6 Kγ2(T ).



Bernoulli Theorem

I Denote T1 + T2 = {t1 + t2 : t1 ∈ T1, t2 ∈ T2}, T1,T2 ⊂ `2.

I Denote ‖t‖1 =
∑

i>1 |ti |.

I Theorem (WB, Latala)
There exists a universal constant K such that
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|T | 6 Nn = 22n

for n > 1 and |T0| = 1.
I Let πn(t) ∈ Tn

γ̄Z = inf
T ,π

sup
t∈T

∑
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I Consider an admissible partition A and for each
A ∈ An ∈ A define tA ∈ A in a way that B ∈ An−1, A ∈ An
and A ⊂ B then tA = tB.

I By the choice πn(t) = tAn(t) and Tn = {tA : A ∈ An} we get
that γ̄Z (T ) 6 2γZ (T ).
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Functional γZ (T )

I It can be proved that

E sup
t∈T

Zt 6 K γ̄Z (T ) 6 2KγZ (T ),

I but for some processes also

E sup
t∈T

Zt > K−1γZ (T ).

I Unfortunately γX (T ) may be not comparable with b(T ).
I For example T = {ei : i > 1}- basis of `2 then

γX (T ) =∞, b(T ) = E sup
t∈T

∑
i>1

tiεi 6 1.

I On the other hand γ̄X (T ) ∼ 1.
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Gaussian partition scheme

I Denote B(t ,a) = {s ∈ T : ‖t − s‖2 6 a},
∆(A) = sups,t∈A ‖t − s‖2.

I Let Fj , j ∈ Z be a family of positive set functional, i.e. such
that A ⊂ B implies Fj(B) > Fj(A) > 0.

I We say that functionals Fj , j ∈ Z satisfies growth
condition for r > 4 if for all t ∈ T if t1, t2, . . . , tm ∈ B(t , r−j),
m > 1 are r−j−1 separated i.e. ‖t l − tk‖2 > r−j−1 then
A ⊂ B(t , r−j) and Hi ⊂ (B(t i , r−j−2)) ∩ B(t , r−j)

Fj(
m⋃

i=1

Hi) >
√

log mr−j−1 + min
16i6m

Fj+2(Hi). (1)

I In particular due to the Sudakov minoration
Fj(A) = K E supt∈A Gt satisfies (1).
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Algorithm for γ2(T )

I Note that if for j0 6 j 6 j1 there exist fj : T → R+ such that

1. fj are decreasing, i.e.

fj (t) > fj+1(t) for all t ∈ T , (2)

2. if there exists points x1, x2, . . . , xm ∈ B(t ,2r−j ) such that
‖x i − xk‖ > 1

2 r−j−1 then

fj (t) >
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log mr−j−1 + min{fj+2(xk ) : k = 1,2, . . . ,m}. (3)

I Then Fj(A) = supt∈A fj(t), j0 6 j 6 j1 satisfy (1) and thus

γ2(T ) 6 K (r)(sup
t∈T

fj0(t) + ∆(T )).
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Algorithm for γ2(T )

I Assume that |T | = N and T ⊂ RNd
which means that

‖t − s‖2 can be computed in time polynomial in N.

I Suppose that r−j0−1 < ∆(T ) 6 r−j0 .
I We construct fj , j0 6 j 6 j1 in the following way:
I Let fj(t) = 0 for all t ∈ T whenever j > j1.
I For a given j0 6 j 6 j1 and j0 6 j < j1, let X = {x1, x2, . . .}

be a maximal 1
4 r−j−1 net in T given by

fj+2(xk+1) = max{fj+2(x) : x ∈ T\
k⋃

i=1

B(x i ,
1
4

r−j−1)}.

I Let πj(t) = xmin{k :‖t−xk‖6 1
4 r−j−1}.
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Algorithm for γ2(T )

I Let B(t ,3r−j−1) ∩ X = {x l1 , . . . , x lp}, l1 < l2 < . . . lp.

I Define

fj(t) = max{max
m6p
{
√

log mr−j−1 + fj+2(x lm )}, fj+1(t)}.

I To prove that γ2(T ) 6 K (r)(supt∈T fj0(t) + ∆(T )) we have
to check that fj , j0 6 j 6 j1 satisfy conditions (2) and (3).
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Why the algorithm works: lower bound

I Obviously fj(t) > fj+1(t) so (2) holds.

I Let t1, t2, . . . , tm ∈ B(t ,2r−j) and ‖tk − t l‖2 > 1
2 r−j−1.

W.l.o.g. fj+2(t1) > fj+2(t2) > . . . > fj+2(tm).
I For each t i there exists πj(t i) ∈ X such that
‖t i − πj(t i)‖2 6 1

4 r−j−1.
I We prove by induction that fj+2(tk ) 6 fj+2(x lk ), indeed

fj+2(t1) 6 sups∈B(t ,2r−j ) fj+2(s) 6 fj+2(x l1).
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Why the algorithm works: upper bound
I We show that

fj(t) 6 F (B(t ,4r−j)) = K E sup
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Gt .

I For j > j1 the inequality is obvious.
I If fj(t) = fj+1(t) then by induction

fj(t) = fj+1(t) 6 F (B(t ,4r−j−1)) 6 F (B(t ,4r−j)).

I If for some m 6 p and X = {x l1 , x l2 , . . . , x lp} ⊂ B(t ,3r−j),
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I Therefore supt∈T fj0(t) 6 Kγ2(T ) and hence finally
supt∈T fj0(t) ∼ γ2(T ).
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General partition scheme

I Let dn, n > 1 be a family of distances on T that satisfies
strong hyper-contraction, i.e.

(1 + ε)dn 6 dn+1 6 2dn.

I Let Bn(t ,a) = {s ∈ T : dn(s, t) 6 a}.
I Let r = 2κ−2 and observe that

Bn(t ,2nr j−2) ⊂ Bn+1(t ,2n+1r j−2) ⊂ . . .Bn+κ(t ,2n+κr−j−2).

I But also

Bn+κ(t ,2n+κr−j−2) ⊂ Bn(t ,
2n+κr−j−2

(1 + ε)κ
) ⊂ Bn(t ,

2n+2r−j−1

(1 + ε)κ
).
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Growth condition

I Let Fn,j , n > 0, j ∈ Z be a family of positive, decreasing set
functionals, i.e. if A ⊂ B, n > 0, j ∈ Z then

Fn,j(B) > Fn,j(A) Fn,j > Fn,j+1 Fn,j > Fn+1,j . (4)

I Functionals Fn,j , n > 0, j ∈ Z satisfy a growth condition
for n0 and r = 2κ−2 > 4 if for any given n > n0, j ∈ Z , and
t ∈ T if there exists points t1, t2, . . . tNn ∈ Bn(t ,2nr−j) that
are 2n+1r−j−1 in dn+1 separated then for any sets
Hi ⊂ Bn+κ(t i ,2n+κr−j−2) we have

Fn,j(
Nn⋃
i=1

Hi) > 2nr−j−1 + min
16i6Nn

Fn+2,j+2(Hi). (5)

I Note that Hi ⊂ Bn+κ(t i ,2n+κr−j−2) = Bn(t i , 2nr−j−1

(1+ε)κ ) and
hence Hi are ’small’.
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Lower bound theorem

I Suppose that sups,t∈T dn0(s, t) 6 2n0r−j0 for some j0 ∈ Z.

I Theorem
If the family Fn,j , n > 0, j ∈ Z satisfies the growth condition for r
and n0 then there exists an admissible A = (An) and for each
A ∈ An there exists an integer jn(A) such that

1. A ∈ An,B ∈ An−1, A ⊂ B ⇒ jn−1(B) 6 jn(A) 6 jn−1(B) + 1
2. ∀t ∈ T

∑
n>n0

2nr−jn(An(t)) 6 L(rFn0,j0 (T ) + 2n0r−j0 )

3. ∀n > n0, ∀A ∈ An, ∃tA ∈ A ⊂ Bn(tA,2nr−jn(A)).

I Hence for example γZ (T ) 6 L(r)(Fn0,j0(T ) + ∆n0(T )).
I If |T | = N then it suffices that Fn,j satisfies (4), (5) only for

n0 6 n 6 n1 = dlog log Ne and j0 6 j 6 j1 = j0 +
⌈

n1−n0
log r

⌉
.
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Canonical processes

I Canonical processes based on e.g. log-concave
independent symmetric r.v.’s satisfy Sudakov minoration
i.e. if 2dn(t l , tk ) > dn+1(t l , tk ) > 2n+1r−j−1 for all
1 6 l < k 6 Nn, then

K E sup
i6Nn

Zt i > 2n+1r−j−1.

I If we assume the following concentration inequality

‖(E sup
t∈A

Zt − sup
t∈A

Zt )+‖p 6 L sup
t∈A
‖Zt‖p (6)

then one can prove that Fn,j(A) = E supt∈A Zt satisfies (4)
and (5).

I Note that we need (1 + ε)dn 6 dn+1 6 2dn
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Canonical processes

I Indeed observe that if A =
⋃Nn

i=1 Hi and
Hi ⊂ Bn+1(t i ,2n+1r−j−1)

F (A) > K E sup
i6Nn

(Zt i + sup
t∈Hi

Zt − Zt i )

> K E sup
i6Nn

Zt i + min
i6Nn

F (Hi − t i)

− K (E sup
i6Nn

(E sup
t∈Hi

Zt − sup
t∈Hi

(Zt − Zt i ))

> 2n+1r−j−1 + min
i6Nn

F (Hi)

− 2KL sup
i6Nn

‖(E sup
t∈Hi

Zt − Zt i − sup
t∈Hi

Zt − Zt i )+‖2n

> 2n+1r−j−1 + min
i6Nn

F (Hi)− 2KL max
i6Nn

∆n(Hi).

I But ∆n(Hi) 6 (1 + ε)−κ∆n+κ(Hi) 6
2n+2r−j−1

(1+ε)κ .
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Extensions of the result

I Let Z = (Z1,Z2, . . . ,Zd ) be isotropic and Zt =
∑d

i=1 tiZi .

I For simplicity assume that Z is log concave and
one-unconditional, i.e. Z d

= (ε1|Z1|, . . . , εd , |Zd |).

I Theorem (WB)
Suppose that P(|Zi | > u||Zj |, j 6= i) 6 LP(|Zi | > u) for all u > 0,
then for any T ⊂ Rd such that |T | > 2p and ‖Zt − Zs‖p > A we
have that

E sup
t∈T

Zt > K−1A.

I Consequently if dn(s, t) = ‖Zt − Zs‖2n , n > 1 satisfy
(1 + ε)dn 6 dn+1 6 2dn then E supt∈T Zt is comparable
with γZ (T ).
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(1 + ε)dn 6 dn+1 6 2dn then E supt∈T Zt is comparable
with γZ (T ).
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Bernoulli comparison

I Recall that b(T ) = E supt∈T Xt , where Xt =
∑

i>1 tiεi ,
where εi are random signs.

I Suppose ϕ : T → ϕ(T ) ⊂ `2.
I How to compare b(T ) with b(ϕ(T ))?

I Theorem
Suppose that ϕ = (ϕi)i>1 satisfies |ϕi(x)−ϕi(y)| 6 |xi − yi | and
(ϕi(0))i>1 ∈ `2. Then for any T ⊂ `2 b(ϕ(T )) 6 b(T ).

I Is it true that if for any p > 1

‖Xϕ(t) − Xϕ(s)‖p 6 L‖Xt − Xs‖p

then b(ϕ(T )) 6 Kb(T ).
I The conjecture holds if b(T ) ∼ γX (T ).
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Bernoulli comparison

I It is known that

‖Xt‖p ∼
p∑

i=1

|t∗i |+
√

p
√∑

i>p

|t∗i |2,

where |t∗1 | > |t∗2 | > . . . is the non-increasing rearrangement
of |t1|, |t2|, . . ..

I The comparison holds if one can compare Gaussian parts
of the norm.

I Theorem
Suppose that for all s, t ∈ T , p > 1 and r > 0

‖
∑
i>1

(|ϕ(t)− ϕi(s)| ∧ r)εi‖p 6 K (rp + ‖
∑
i>1

|ti − si | ∧ r)εi‖p

then b(ϕ(T )) 6 Kb(T )
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Bernoulli comparison

I Corollary
Suppose that for any p > 1 and L > 1

inf
I:|I|6Lp

√∑
i 6∈I

|ϕ(t)i − ϕ(s)i |2 6 L inf
I:|I|=p

(
∑
i 6∈I

|ti − si |2)
1
2

then b(ϕ(T )) 6 Kb(T ).
I For a separable Banach space (B, ‖ · ‖) in order to prove

that
E‖

∑
i>1

xiεi‖B 6 K E‖
∑
i>1

yiεi‖B

I does it suffice to show that for any x∗ ∈ B∗ and p > 1

‖
∑
i>1

x∗(xi)εi‖p 6 K‖
∑
i>1

x∗(yi)εi‖p?



Bernoulli comparison

I Corollary
Suppose that for any p > 1 and L > 1

inf
I:|I|6Lp

√∑
i 6∈I

|ϕ(t)i − ϕ(s)i |2 6 L inf
I:|I|=p

(
∑
i 6∈I

|ti − si |2)
1
2

then b(ϕ(T )) 6 Kb(T ).

I For a separable Banach space (B, ‖ · ‖) in order to prove
that

E‖
∑
i>1

xiεi‖B 6 K E‖
∑
i>1

yiεi‖B

I does it suffice to show that for any x∗ ∈ B∗ and p > 1

‖
∑
i>1

x∗(xi)εi‖p 6 K‖
∑
i>1

x∗(yi)εi‖p?



Bernoulli comparison

I Corollary
Suppose that for any p > 1 and L > 1

inf
I:|I|6Lp

√∑
i 6∈I

|ϕ(t)i − ϕ(s)i |2 6 L inf
I:|I|=p

(
∑
i 6∈I

|ti − si |2)
1
2

then b(ϕ(T )) 6 Kb(T ).
I For a separable Banach space (B, ‖ · ‖) in order to prove

that
E‖

∑
i>1

xiεi‖B 6 K E‖
∑
i>1

yiεi‖B

I does it suffice to show that for any x∗ ∈ B∗ and p > 1

‖
∑
i>1

x∗(xi)εi‖p 6 K‖
∑
i>1

x∗(yi)εi‖p?



Bernoulli comparison

I Corollary
Suppose that for any p > 1 and L > 1

inf
I:|I|6Lp

√∑
i 6∈I

|ϕ(t)i − ϕ(s)i |2 6 L inf
I:|I|=p

(
∑
i 6∈I

|ti − si |2)
1
2

then b(ϕ(T )) 6 Kb(T ).
I For a separable Banach space (B, ‖ · ‖) in order to prove

that
E‖

∑
i>1

xiεi‖B 6 K E‖
∑
i>1

yiεi‖B

I does it suffice to show that for any x∗ ∈ B∗ and p > 1

‖
∑
i>1

x∗(xi)εi‖p 6 K‖
∑
i>1

x∗(yi)εi‖p?



Thank you for your attention


	Introduction
	Gaussian processes
	Canonical processes
	Bernoulli processes

